ISRAEL JOURNAL OF MATHEMATICS, Vol. 24, No. 2, 1976

WEIGHTED L* CLOSURE THEOREMS
FOR SPACES OF ENTIRE FUNCTIONS

BY

LOREN D. PITT’

ABSTRACT

For a fixed weight A(dx) on R' and a linear space % C L*(4) of entire functions
that is closed under difference quotients h(-)—(z —-)'[h(z)—h(-)], the
L?(A) closure ¥ of ¥ is studied and characterized in terms of the norms L(z),
(z € C") of the evaluation functionals h — h(z), h € #.

1. Introduction

Let A(dx) be a Borel measure on the real line R' with finite moments
fx"A(dx) of all orders. A classical theorem of M. Riesz (see [13] or [2]) shows
that if the space % of polynomials is not dense in L(A) then the closure ¥ of
in L*(A) contains only entire functions f(z) which satisfy

(1.1) limsup |z | log|f(z)[ = 0.

This result of Riesz is typical of a class of theorems in the theory of one variable
trigonometrical and polynomial approximation each of which asserts that the
closure ¢ of a given linear space ¥ of entire functions either is everything or is a
proper subspace of entire functions which satisfy growth conditions similar to
(1.1). One can find examples of such theorems in the work of Koosis [6], Krein
[9], Levinson and McKean [10] and Pitt [12], and this list is far from complete.

In this paper we investigate this general phenomenon within the setting of
weighted L?(A) approximation. We single out the essential feature common to
the spaces # which occur in the classical examples as being closed under
difference quotients: if f € # and Im z# 0 then the function

(1.2) (=~ 2)"'[f)-f2) e .

We will however also treat infinite measures for which L?(A) does not contain
the quotient (1.2) unless f(z) = 0. To avoid this difficulty we replace (1.2) with
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the weaker condition: If f and g are in % and Im z# 0 then the function

(1.3) (= (2= [f(2)8() - f(D)g(2) € *.

It develops that condition (1.3) essentially forces # to assume one of three
basic forms:

) %=Lr@);

ii) 9 is a space of functions analytic on the upper or lower half-plane and
similar in nature to the classical H? spaces; or

iii) 9 is a space of entire functions satisfying certain growth conditions.
When the third alternative occurs 9 exhibits a general structure similar to that
of the Hilbert spaces of entire functions which de Branges [3] has studied. This
structure theory, although much less complete than de Branges’ theory, remains
rich enough to be interesting and contains an analogue of the basic inclusion
theorem ([3, p. 107]) of de Branges.

Our methods and techniques are intimately related to those of the Bernstein
problem [7] and [11], the classical moment problem [2] and especially those of de
Branges’ Hilbert spaces of entire functions [3]. In particular the proof of our
Theorem 5 is entirely derivative from de Branges’ work.

A description of the basic results is given in Section 2. The core of the paper is
in Sections 3 through 8. Section 9 describes the special structure available when
A is discrete. Section 10 is a description of spaces of analytic functions on the
upper half-plane.

This work was done in large part during the academic year 1972-73 while the
author was visiting the mathematics departments at the University of Southern
California and at Cornell University. I thank both departments for making these
visits possible and for the warm hospitality they showed me. Special thanks go to
Professor M. Silverstein at Southern California for many stimulating conversa-
tions on these problems.

2. Preliminaries and statement of results

Let A(dx) be a o-finite Borel measure on R' and for 1 =p < let L?(A) be
the weighted L? space of measurable functions f(x) with norm

£l = (1f()I A(dx)) <.

# will denote a fixed linear space of entire functions f(z) whose restrictions to
R' are contained in L*(A) and we may consider # to be a subspace of L?(A).
Associated with # is the set of common zeros
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¥={z€C"h(z)=0 for each h € ¥},
and to avoid trivialities we will assume throughout that
2.1 MZNR'}=0.

Let 9 denote the closure in L?(A) of . The basic assumption we make on %
is the condition:
(H.) Whenever f and g are in # and Im z# 0 then

(== (@) - f(9)e ) € #.

Sometimes it will be necessary to assume the stronger condition:
(H,) Whenever f and g are in # and Im z# 0 then

(== 0)f(2)8(D) - f(D)g(2) E X.

The condition H, has two equivalent useful formulations:
(H..) If z& & is non-real and f € ¥ satisfies f(z)=0 then

(== f(OER
(H.,) If z€ & is non-real and f € # with f(z)=0 then
(= (a—0) (=) f(Q)E ¥ for each a € C'.

Replacing # with % we have two further conditions H,, and H,, each of which is
equivalent to H,.

In discussing the closure % of ¥ in L°(A) there are two auxiliary functions
which play crucial roles. They are

2.2) L(z)=sup{lh(z)|:h € X and |h|, =1},
and
23) L*(z)=sup{lh(z)l:h €% and (i + ) "h(D), =1}.

These functions will be used analogously to the comparable functions used by
Mergelyan in his solution of the Bernstein problem [11]. Clearly 0= L(z)=
L*(z)= +xand L(z)=0iff z €Z. L(z) is the L?(A) norm of the evaluation
functional h — h(z) on ¥ and L*(z) is the norm of the same functional in
L*(A%), where A" is the measure A*(dx)=|i+ x| "A(dx). Observe that both
L(z) and log L(z) are subharmonic functions on C'.

We will make use of the fact that all arguments can be reduced to the case that
% =. To see this let {z,} be an enumeration of Z. For z € & set 0(z) =k if
each h € ¥ has a zero of order at least k at / = z and some h € ¥ has a zero of
exact order k at { = z. Let k(z) be the Weierstrass product with zeros of order
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0(z,) at z, €% For each h€ ¥, h(z)k '(z) is entire and the map
h(z)—h'(z)=h(z) k7(z) maps ¥ onto a space ¥’ of entire functions with

TR AdE) = [ RO A'(dD), A'(dE) = [k () AdY).

Moreover, ' satisfies H,, (or H,) if # does and L(z)=|k(z)|L'(z).
The complex conjugate of z is Z. If f(z) is analytic the conjugate function f(Z)
is denoted f*(z). The space # is called symmetric if h € ¥ implies h™ € .
The first three theorems show the relationship between the structure of 9 and
the finiteness of the functions L(z) and L*(z).

THEOREM 1. Suppose ¥ satisfies H. and that L*(B)= +% for some
BER” ={z:Imz>0}. Then forh € ¥

{—=(—2)"'h({)E K for each z € R* and
{—e “h({)E ¥ for each t=0.

Theorem 1 has the obvious modification for 8 € R*". Thus if there exist
B+ € R*" and B- € R* with L*(B.) = + % we have e™“% C 5 for all ¢. From this
we deduce # = L?(A). For symmetric % we have L*(8)= L*(B) and

CorovrLary 1. If ¥ is symmetric and L™(B)= +c for some non-real B then
I = L7(Q).

A near converse to Theorem 1 is given by

THEOREM 2. Suppose ¥ satisfies H,, and that % # L”(A). Then there exists a
non-real B& & with (B — ) '#HZ ¥. If B € R** then L(z) is finite and continu-

ous on R** and log L(z) is locally integrable on R**, i.e. {5 |log L(z)|dxdy <«
for each bounded subset B C R**.

CommenT. If there exist 8. € R*" and B- € R> with (8. —¢)'# ¢ ¥ and
(B-—{)'%¢g % it follows from Theorem 2 that L(z) is continuous on all of C".
For symmetric % we again have a

CoRroOLLARY 2. If % is symmetric and ## L*(A) then L(z) is finite and
continuous on C'.

Theorem 2 is complemented by

TueorRem 3. If ¥ satisfies H, and 0 < L(B)< + for some B € R* then
L(z) is continuous on R*" and log L(z) is locally integrable on R**.

From this we have
CoroLLARY 3. If % satisfies H, and is symmetric then either % = L?(A) or
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L(z) is finite and continuous on C'. If % = L*(A) and L(z) is finite then the
measure A(dx) is discrete.

In Section 9 we give two examples with % = L?(A) and L (z) finite. For one of
these L*(z)< = for all z and for the other L*(z)= +  for Im z# 0.

Since L{z)is the norm of the evaluation functional h — h(z), it follows in case
L(z)is continuous on R*" that L”(A) norm convergence of a sequence {h,} in ¥
implies local uniform convergence of the analytic functions {h,(z)} on R**. Thus
each function h € ¥ has a unique analytic extension h(z) for z € R** with
h(z)=h(z) for h € ¥, and such that

(2.4) |h@) =L@k, z€R™

In case L(z) is continuous on C' then h(z) is entire and (2.4) holds for all
z € C'. It is this case where L(z) is continuous and & is a closed space of entire
functions satisfying H, which primarily interests us here, but the case with L(z)
continuous on R*" and infinite on R* is briefly discussed in Section 10. The
characterization of which entire functions h(z) are in 9 is given by

THEOREM 4. Suppose # C L*(A) satisfies H. and that L(z) is finite and
continuous on C'. Define % 2 ¥ to be that subspace of L?(A) of entire functions
f(2) for which f(z)L"\(z) is bounded on C'. For 1 < p <, % = ¥ and forp =1,
dim (¥/%)=1.

An example with dim (%/%) =1 is given in Section 9. Further information
about the structure of # is obtained in Section 7. We show that if ¥ =& and
f € % has zeros {z,} CR?*" the Blaschke product II(1-z/z,) (1-z/z,)"" con-
verges and f-(z) = f(z)B™'(z) € ¥, and if g € ¥ then g(z)f='(z) is of bounded
type’ on R*". Denoting the mean type of g(z)f='(z) on R*" with

T.(g) =limsupy 'log| g (iy) f='(iy)|
y—>+x

we show that sup {T.(g): g € X} < + .

The basic inclusion theorem of de Branges ([3, p. 107]) has the following
analogue. Let %, and ¥, be closed symmetric subspaces of L?(A) satisfying H,.
Set Li(z)=sup {{h(z)|:h € %; | h ||, =1}, and suppose both L,(z) and L,(z)
are continuous.

' An analytic function h(z), z € R*, is of bounded type on R?* if it is the ratio of two
bounded analytic functions on R>*. We will use elementary results about functions of bounded type
repeatedly. An excellent introductory source for the basic material is foud in chapter 1 of de
Branges’ book [3].
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THEOREM 5. If L\(z)L:'(z) is finite and zero free on C' and if there exist
nonzero functions h:(z)€ . (i = 1,2) for which h,(z) h:'(z) is of bounded type
on R then either %, C ¥, or ¥.C ¥,.

CoroLLaRY 4. Let X satisfy H.. Then the class of all closed symmetric

subspaces ¥ of # for which & = &, is totally ordered.

3. Proof of Theorem 1
We start with the preliminary

Lemma 3.1. Let 3 C L"(A) satisfy H,., and suppose that L*(B)= + = for
some non-real B. Then
3.1 By ',CH

Proor. ¥, ={h € #:h(B)=0} is the kernel of the evaluation functional
h — h(B). Because L *(B) is the norm of this functional in L?(A") we see that if
L*(B)= += then_¥; is dense in the L”(A") closure of #. Thus L*(B)= +
implies that for each f € ¥,

inf {[ [f(O)= RO [i + {[PA(dL): h € ¥} =0,
and since Im(B) # 0,

. h() |?
of[ [£L - 29 sagyne ) -0
MU - g A E
By H., (B-{)'%,C ¥ and thus (8 —¢)'f({)E % or, what is the same,
B-'HCH
The next lemma is well-known in its operator theory context and makes no use

of the special structure of #. Theorem 1 is an immediate consequence of
Lemmas 3.1 and 3.2.

Lemma 3.2, Let K be a linear subspace of L*(A). If there is a B € R** with
(B —¢) 'K CK then for each z € R*",

(32) (z-{)'KCK,
and for each t z 0,
(3.3) e “K CK.

ProorF. Let K'={2()EL(A):[k()2())A(d)=0 for all k €K},
(1/p + 1/g = 1) denote the annihilator of K. To prove (3.2) we define for k € K
and 2 € K" the analytic function
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(3.4) F(z)=[(z = 0)7k(D)2(5)A(d;),  z€E€R™.

By the Hahn-Banach theorem it suffices to show F(z)=0 for z € R**. The mth
derivative of F(z) is

F™(z) = (=1)"[(z = {) "k ()2(0)AY).
By assumption (8—¢)"'KCK and thus (8- ¢)"KCK for n>0. Since
9 €K* we see F™(B)=0 for m =20 and hence F(z)=0 because F(z) is
analytic.
To prove (3.3) we use the facts that F(z)=0 and

iiy - ¢)" =f e UT0d,  y>0
0
to conclude that

0=i j " (iy = O k()2 (DAWL)

f "{ f e"‘"k(z)éz(c)A(do}dt, y >0.

By the uniqueness theorem for Laplace transforms, [Z.e “k({)2(£)A(dL)=0
a.e. for ¢t = 0. But this Fourier transform is continuous since k ()2 (¢)A(d¢) is a
finite measure and we see

f e “k(0)2({)A(dL) =0 for t=0.

Using the Hahn-Banach theorem again we conclude ¢ “K C K for t =0 and
thus complete the proof.
If e C 9 for all t+ we then have

0=[e“h(H)2(H)A(dYL), for tER', h€ ¥ and 2 € ¥*.

By the Fourier uniqueness theorem this implies h({)2({)A(d{)=0. Together
with condition (2.1) this gives 2(¢) =0 a.e. [A]. Thus %* = {0} and again by the
Hahn-Banach theorem & = L*(A).

Since Lemma 3.2 has the obvious modification for 8 € R** we may state

ProposiTioN 3.3. If # C L*(A) satisfies H,, and if there are points B. € R**
and B_€ R* with L*(B.)= +» then % = L?(A).

4. Proof of Theorem 2

We proceed with a series of lemmas. The first is quite well-known but we
include it for completeness.
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LemMa 4.1, Let u(d{) be a finite complex signed measure on R' and suppose
that

FO=[ -0 u@)

does not vanish identically for z € R**. Then F(z) is of bounded type on R** and
log| F(z)| is locally integrable on R*".

Proor. It suffices to show F(z) is of bounded type (i.e. F(z)= B.(z)/B:(z)
where Bi(z) and B,(z) are bounded analytic functions on R*") since for a
nonzero bounded function B(z) the fact that log| B(z)| is locally integrable on
R follows directly from the Poisson-Jensen inequality

log |B(t + ih)

. y "
long(x+t(y+h))|§7TJ:w = 1F ) dt, y,h >0.

To see that F(z) ts of bounded type write g = u, — p2+ i{ps— us) where the
w. are finite non-negative measures and set Fj(z)= [(z — {)'u;(d{). Then
F=F,— F,+i(F,— F,) and it suffices to show F;(z) has bounded type. But
Im F;(z)=0 for z € R*. Thus B;(z)=[F;(z)—i]" is bounded on R** and
F,=(1-iB;)B;' is of bounded type on R*".

From Lemma 3.2 and the subsequent remarks we have

Lemma 4.2. If % C L"(A) satisfies H,, and if ## L7 (A) then there exists a
non-real B with

(B-)'HL .
LemMMA 4.3. Suppose ¥ C L?(A) satisfies H,, and for some B € R*",
(4.1) B-0)'*L *.

Then L(z) is finite and continuous on R** and log L(z) is locally integrable on
R*.

Proor. Let f€ ¥ with ||f], =1 be chosen so that (8 — {)'f& % By the
Hahn-Banach theorem there is a 2 ({) contained in the annihilator #* of # with
|2],=1(1/p+1/q =1) for which

(4.2) 07 J(B =) 'f()2(HA).

Thus the analytic function

(4.3) F(z)=[(z = )" f()2(0)A(d!)
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is not identically zero on R*" and by Lemma 4.1, log| F(z)] is locally integrable
on R*.

By condition H, we see that

0=/(z = 0)'[f(2)g(0) ~ g(2)f(D)]2()A(dL),  Imz#0
for each g € . Setting

(4.4) G(z)=f(z = {)'g(D)2()A(dL)
we have
4.5) f(2)G(z) = g(2)F(z2), Imz#0.

Since [|2 ||, =1 we have the estimate
1
G@I=tlgh  y=Imz>0
Together with (4.5) this gives

lg(z)|§‘%ﬂf ‘{%l) ,if z € R* and F(2) #0.

From the definition of L(z) we then have

(4.6) F@I=LE@ =) | £
The three functions log|f(z)|, log y and log| F(z)]| are each locally integrable on
R?" and thus (4.6) shows that log L(z) is locally integrable on R*.

This implies that the subharmonic function log L(z) is locally bounded above
on R*". Thus L(z) is locally bounded on R** and the family {g(z): g € # and
| g Il, =1} is locally bounded on R** and hence is locally equicontinuous on R**.
It follows that

, if z€ R* and F(z)#0.

L(z)=sup{|g(z)[:g € ¥ and | g|, =1}

is continuous on R*" and the proof is complete.

Lemma 4.3 is easily modified to the case that for some B € R?™,
(B—¢)'#¢g %. Combining Lemmas 3.2, 42 and 4.3 gives the following
proposition which contains Theorem 2 as a special case.

ProrosiTION 4.4.  Suppose # C L*(A) satisfies H,. Then one of the following
alternatives holds:
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i) for each non-real z, (z — {)"'¥ C ¥, in which case % = L*(A),

ii) (z—{¢)'% C ¥ holds for each z € R* but for no z € R*, in which case
L(z) is continuous on R** and log L(z) is locally integrable on R** and moreover
eI C ¥ holds for all 1 20,

iia) alternative (ii) holds with the roles of R** and R*" interchanged,

iii) for no non-real z is (z — )% C %, in which case L(z) is continuous in
the entire complex plane.

Proof. The only item needing comment is the continuity of L(z) in (iii). But
we know that log L(z) is locally integrable and the continuity of L (z) follows as
in the proof of Lemma 4.3.

CoMMENT.  The occurrence of alternative (ii) above is familiar and essentially
understood within the context of prediction theory and is briefly discussed in
Section 10. We also mention that it is possible to have # = L*(A) with L(z)
finite and continuous. See Section 9.

5. Proof of Theorem 3
The proof rests on the immediate

LemMMA 5.1. Suppose H C L7(A) satisfies H,. For BEC' set ¥;=
{h € H: h(B)=0}. Then #; also satisfies condition H.. If « and B are non-real
and neither is in & then (a — ) = (B — ) X..

. For technical reasons it is easier to discuss L*(8) than L(B) and because of
this we start the proof of Theorem 3 with

LemMma 5.2, If% C L*(A) satisfies H, and if 0 < L*(B) < = for some B € R**
then log L(z) is locally integrable on R*".

Proof. If 0 <L*(B)<w then ¥, is not dense in the L?(A") closure of ¥.
Thus for some f € #,

o<int{ l(éi—gé)‘(ﬁf(—{)c) sty n € 7,

and (B — {)"'f({) is not in the L*(A) closure of (8 — {) '%,. From here on we
imitate the proof of Lemma 4.3. We choose 2 € LY(A) (1/p + 1/q = 1) so that
F(z)=[(z = {)'f(£)2({)A(d) does not vanish identically on R** but such that

(5.1) 0=[(B-{)'h()2(H)AdL), for hE H,.
By Lemma 5.1, (B~ ¢) ' =(z — ¢) '#. if z&€ ¥ and z is non-real. Hence
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0=J(z -0 '[f(2)g(0) - g (D)f(D]2(A(d(),  zER™
and the proof may be completed exactly as in the case of Lemma 4.3.
ProOOF oF THEOREM 3. Let
H={h€X:[IRQ]|i-{]AdL) <}
X is a space of entire functions satisfying H; and for B8 € R* - %,
B-0)' s CX.

Setting L(z) = sup{| k(z)|: k € % and [|k(¢)P|i — {|?A(d¢) =1} and applying
Lemma 5.2 we see that if 0 < L(8) < = for some 8 € R** then log L(z) is locally
integrable on R**. But then

|22

ek, and [|h@PIB-ci-Pa@)<1}sLi).

Letting ¢ = inf{| — {||i—{]": { ER'} we see
sup{|h(z)|:h € Ha and |k, =1}=c|z-B[L(2).
Now choose an h € ¥ with h(8)= 1. For each f € % we can write
f(2)= f(B)h(2) + (f(z) ~ f(B)h(2)).
Then f(z)~ f(8)h(z) € %, and
If=fBY L =l fI.+ LB A )

Hence

L(z)SL(B)|h(z)|+c|z=BILE){1+LB)|AI}.

This shows log L(z) is locally integrable on R and completes the proof of
Theorem 3.

REMARKS. To see how Corollary 3 follows note that Theorem 3 implies for
symmetric ¥ satisfying H, that either L (z)= = for non-real z& & or that L(z) s
finite and continuous. If L(z)=c then % = L?(A) by Theorem 1. If L(z) is
finite we know that 9 is a space of entire functions and if in addition % = L*(A),
each f&€ L7(A) must agree a.e. [A] with the restriction to R' of an entire
function. In particular f may be chosen continuous and A must be discrete.

6. Proof of Theorem 4

As explained in Section 2 we may assume without loss of generality that
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Z = (. Recalling also that J is the set of entire functions f(z) for which
|fll, <o and f(z)L '(z) is bounded we note: If A, =0 is a measure with
J(L(x))’A(dx)=1 and if A, = A+ A, then the measures A and A, both deter-
mine equivalent norms on # and both determine the same space #. Thus we
may assume for the proof of Theorem 4 that A is not discrete.

The heart of the proof is contained in

ProrosiTiON 6.1.  Suppose # C L”(A) satisfies H, and that L(z) is finite and
continuous on C'. Fixk € X with |k |, =1 and 2 € #* C L(A) with |2, = 1.
Then for each h € ¥ the entire function

(6.1) an(z)=[(z = {)'[h(2)k () = k(2)h({)]2({HA(dY)
is identically zero.

ProorF. We begin by showing that A(z)=a,(z)h '(z) is an entire function.
For h, h,€ ¥ we know (z—{¢)'[h(z2)h({)—h({)h(z)]E ¥ whenever
Imz#0. Thus

he) [ 2D o oade) = hie) [ HE o, mz#o,
and if h,(z)#0,

a(@)=h) [ 14 20a0n - k@) [ 1o s

Hence
62 A@=[ £ 2aan- D [ 2D o),
That is,

(6.3) A(z)=an(z)hi'(z) if Imz#0, h(z)#0, h#0.

Since a,(z)h7'(z) is analytic at each point z with h(z)# 0, and since we may
assume & # 0, (6.3) shows that A(z) is entire. To see that A(z)=a.(z)h7'(2)
vanishes identically we will show it is bounded. Two estimates are obvious:

(6.4 [ c-ork@o@nan|st a=xv,

1

(6:5) sup | [ @ - 0 b2 [ 11, =1 J=rp
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Now for a fixed non-real z we may choose h, € ¥ with {|h,f, =1 and
|k(z)h7'(z)|=2. From (6.2) we have

(6.6) |A(2)| = II z=x+iy.

If A(z) does not vanish identically then log| A (z)] is subharmonic and (6.6)
shows by the mean value property

logl A =2 [ [ oglAG)ldxdy

|z —zol=1

for subharmonic functions, that log|A(z)| is bounded above. Thus [A(z)] is
bounded and must be constant. By (6.6) this constant is zero and the proof is
complete.

ProoF oF THEOREM 4.  Assume p > 1 and that A is not discrete. If an entire
function k(z) vanishes on the support of A then k(z)=0 and by the Hahn-
Banach theorem it suffices to show for k € % and 2 € ¥* that

(6.7) 0=Jk(£)2()A(4)).
By Proposition 6.1 we have for h € ¥ with ||k ||, =1,

0- [ 2o -3 [ 2% 2w,

whenever z is non-real and h(z)#0. Thus

P

68) L kG)
+13 | no2 @)

The second term on the right vanishes since h € ¥ and 2 € #*. For z = iy and
A, =1 we have

e Jeomosan] <[l )

Je@aa)

3
q

and thus

(6.9) ( f = gkmsz(;)A(dz:)l_%%%‘ﬂ[,y 7 I]Q

But | k(z)|L7'(z) is bounded by some constant ¢ and since p > 1 we have g <.
Applying the dominated convergence theorem to both sides of (6.9) gives

q
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[ k02w |=cim | [ 27-1]2

9q
:0’

and completes the proof for p > 1.
For p =1 this argument fails since for general 2 € L™ it is not true that

|52zl 0 o =

What we can conclude is that: If k € % and liminf |k (iy)|L " '(iy)=0as|y|—>»
then k € 9. If dim (% | %) = 2 there must exist two functions k, and k, in % for
which ak,+ Bk, € % iff « = B =0. Since k;(z)L '(z) bounded for j =1 and 2,
there must exist a sequence y, — « for which both limits ¢ = lim k(iy. )L ~'(iy.)
and d = lim k(iy,)L ~'(iy.) exist. Then cd # 0 since neither k, nor k. is in 5. But
then

(¢ "ki(iy.) — d7'ko(iv, )L 7'(iy.)—0 as n— o
which implies ¢ 'k, — d 'k, € ¥ and thus dim (¥ | #)=1.

7. General structure theorems

In this section we complement Theorem 4 by proving a number of results
concerning functions f(z)€ #. Throughout this section we will assume that
¥ C L7(A) is closed and satisfies H,, that L(z) is finite and continuous on C'
and, for simplicity’s sake, that & = .

PROPOSITION 7.1. Let h € ¥ be nonzero and denote the zeros of h in R*™ by
{z.}, counting multiplicities. Then the Blaschke product

B(z)= H (1= 2/2.)(1— 2/2.)"

converges for each z#{z,} and h(z)B™'(z) € ¥.

Proor. Set B.(z)=TI1(1-z/z)1-2/Z)"'. Then |B,(x)|=1 for x € R'
and | B.(z)| | asn 1 for z € R*". By condition H,,, h.(z) = h(z)B,'(z)isin #.
Since |h(x)| =]|h.(x)| for x € R', the continuity of L(z) implies {h.(z)} is
locally bounded. Thus for z € R** and z&{z,}, lim,...| B.(z)] exists and is
nonzero. It is now elementary to check (see e.g. [3, p. 20]) that this implies
Zy.(xs+yi) ' <o where z, = x, + iy, In turn, this shows the Blaschke product
converges for z¢& {Z,}. Thus h,({)— h({)B'({) and | h.(¢)| = | k()] for all real
{. Hence h, > hB™'in L”(A) and hB™'€ #.
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ProposiTioN 7.2. Let f and g be in ¥. If g(z)f '(z) is analytic in R*" then
g(z2)f"(z) is of bounded type in R**.

PrROOF. Assuming, as we may, that A is not discrete then the containment
(B—{¢)'# C %, Im B #0, can not hold as a statement about subspaces of L*(A)
without also holding as a statement about spaces of analytic functions. Since %
only contains entire functions it is clear that (8 — ) 'f({) & ¥ if f({) is entire
and f(B)#0. Thus we can find a 2€X* for which F(z)=
[ (z = 0)7'f(0)2(L)A(dL) does not vanish identically on R**. Just as in the proof

of Lemma 4.3 we have
g2)f (2)=G(z)F'(z), Imz>0,
where
G(z)=[(z = {)"'8())2(L)A(dY).
Since G(z)F'(z) is of bounded type on R** the result follows.

Proposition 7.1 and 7.2 can be used to give a useful modification of Theorem 4.

THEOREM 4'. Let h* € J be zero free in R*>* and h_ € ¥ be zero free in R*.

(Such functions exist by Proposition 7.1.) Define the space % of all entire functions
k(z)€ L*(A) for which

k(z)hi'(z) is of bounded type on R** and

A1
@1 k(z)hZ'(z) is of bounded type on R** and

(7.2) limsup |k (iy)|L'(iy) < .
[yl

Then for p>1, ¥ =% and for p =1, dim (¥ | #)=1.

Proor. The proof of Theorem 4 works here except that we must show under
these conditions that the function

an(z)= [(z = )[R (2)k (D) = k(2)h (£)]2(D)AdE)

is identically zero for each k E X, h € ¥ and 2 € ¥". To see this, we may
prove, as in Proposition 6.1, that a.(z)h '(z) is entire and that (6.2) holds for
each nonzero h, € . Setting h, = h.,, (6.2) shows that a.(z)h~'(z) is of bounded
type on R*". Similarly setting h, = h_ shows a,(z)h~'(z) is of bounded type on
R* . For z = iy we deduce from (6.2) and (7.2) that

(7.3) lan(iy)] |R7'GAY) = O (ly ™), |yl
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By a theorem of Krein ([8] or [3, p. 38]) we may conclude that a, - h™' is of
minimal exponential type. The Paley-Wiener theorem and (7.3) then show
a,(z)h7'(z) =0 and the proof is complete.

Let h, and h. be as in Theorem 4. For g € # denote the mean type of
g(z)hi'(z) on R*" by

. 1 o
(7.4) T:(g) = limsup -~ log | g (iy)h'(iy)],
y—r+ow

and the mean type of g(z)hZ'(z) on R* by

. 1 N1
(7.5) T-(g) = lim sup -~ log[g (iy)h='(iy)]
Also define
T.=sup{T.(g): g € ¥}, and

T-=sup{T-(g): g € ¥}.

ProposiTiON 7.3.

a) Both T. and T- are finite.

b) If g € L¥(A) is entire then sufficient conditions that g € ¥ are that both gh?'
is of bounded type on R** and T.(g)< T., and gh~' is of bounded type on R*"
and T (g)< T-.

ProoOFOFa). Asin the proof of Proposition 7.2 we can choose a 2 € ¥ such
that for g€ ¥
g(z)hi(z)= G(z)H.'(z) for z€E€R™,
where
G(z) = [(z - {) 'g({)2(HH)A4Y),
and
H(z)= (z = {)"h($)2(£)A(dY)
and h.(z) does not vanish identically on R*". The mean type of G(z)H:'(z) is
given by (see e.g. [3, p. 26])
21" O\ ~1( 0
T.(g)=lim ;;j log| G(re*)H'(re)|do.
Foe 0

The mean types of G(z) and h.(z) on R*" are given by
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.21 (" w0
T+(G)=ll_r2;'r-f log | G(re®)|d6

= lim sup % log G(iy)

lIA

0.

r.(H.) = lim = 1f log | H. (re)|do
0

r— 2T

\

— 0,

Thus
T.(g)=1(G)—7.(H,)

= -7 (H,) <,
Similarly T_(g)< — r_(H.) <, thus completing the proof of a).

ProoOFOFb). Since T.(g)> T. we can find an h € ¥ that is zero free on R**
with T.(g)< T.(h). Then

limsup|g(iy)h~'(iy)|=0 and limsup|g(iy)L '(iy)|=0.
y—= y—x

Similarly we can show lim sup,_-..|g(iy)L "'(iy)| = 0 and by Theorem 4', g € ¥.

REMARK. Assuming p > 1 or that ¥ = % when p =1 it is easy to show that
for each z, there is a unique function h(z)= h(z,,z)E€ # with |h |, =1 and
| h(z0)|| = L(z0). If z, is real it can be shown that h(z) has only simple real zeros
{x.} and that T.(h)= T. and T-(h)= T-. Associated with h we can define a
subspace #' of # spanned by the functions

ho=h and h,(z2)=(zo— z)(x. — z) 'h(2).

#' satisfies H, and for p = 2 it follows from de Branges’ work ([3, p. 55]) that
dim (% | %') = 1. It would be useful and interesting if this is true for p # 2 but we
have not been able to prove it.

8. Proof of Theorem 5

7, and ¥, are closed symmetric subspaces of L?(A) each satisfying H.. Both
L.(z)and L,(z) are finite and continuous and L,L;" is assumed to be continuous
and zero free. Without loss of generality we may also suppose that &, = %, = .
Further it is assumed that there are nonzero functions h; € ¥, with h,(z)h5'(z)
of bounded type on R**. By Propositions 7.1 and 7.2 it is clear that for any pair
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of functions h, € %, and h, € ¥, if h,h;" is analytic on R** then it is of bounded
type. Because ¥, and ¥, are symmetric the same statement holds for R*".

Now fix a function h, € ¥, that is zero free on R*" and set h_(z)=
hX(z)€ #,. For g € #, U ¥, the formulas (7.4) and (7.5) for the mean type
T.(g) make sense. Because #, and ¥, are symmetric,

sup{T.(g): g €EH}=sup{T.(g): g €E X}, i=1,2.

We define T, =sup {T.(g): g € ¥} and T>=sup {T.(g) = g € ¥,}. From Prop-
osition 7.3 we see that T, < T, implies #, C ¥, and that T> < T, implies #, C ¥,.

We now consider the case T, = T,. Foreach h € #,, k € #, and 2, € #1 with
lkll, =1 and || 2.], =1 we define

a(z)=f(z = ) '[h(2)k(§) ~ k(z) R(D]2:/(AAD).
Just as in the proof of Proposition 6.1 we have for each nonzero h, € ¥, that

az

61 G fi—lg(m(dg) e )IJ—)Q(g)A(dg) Im z #0.

Then (8.1) shows that a(z)h '(z) is entire and of bounded type on both R** and
R?*". Since T, = T it follows from (8.1) that-the mean type of a(z)h '(z) in each
of the half-planes R** and R* is nonpositive. Again by Krein’s theorem it
follows that a(z)h '(z) is of minimal exponential type. Lastly, we see that (8.1)
implies

a(z)
h(z)

(8.2)

1 o
=1 {1+ Ly(2)L '(z)}.

Similarly for k € %., h € %, and 2,€ ¥ with |h[, =1 and ||2.], =1 we
define

b(z)=J(z = {) '[k(2)h({) = h(2)k ()] 2:£)A(dQ).

Proceeding as above we find b(z)k™'(z) is an entire function of minimal
exponential type and satisfies

bz)| _
®-3) ' k(z)

% {1+ Ly(z)L3'(2)}-

Call A(z)=a(z)h '(z) and B(z)= b(z)k '(z). By (8.2) and (8.3) we have
(8.4) min{|A(z)|. [B(z)}=2]y[".

But by using a method of Carleman [4], de Branges has shown ([3, p. 107]) that if
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two entire functions A(z) and B(z) of minimal exponential type satisfy (8.4)
then one of them is zero.

Thus we may suppose a(z)=0 for each he ¥,, k € ¥, and 2,€ ¥7. If
#,Z ¥, there must exist a k € ¥, with k& #,. Since a(z)=0, we have

(8.5) ka0 =K [V 9 ()a).
iy~ ¢ h(iy) ] iy —¢

Because k& 3, we may choose 2, with

0# f K(O)2:()AE) = Tim

yl—e

_iy
[ 52 k@2
But

0= [ hO20)8@0) = fim [ 2 h02.0)0d0)
and by (8.5) we see that

lim

lyl—>=

h)|
k (iy) '
Thus

lim h(iy)L:'(iy)=0 for each h € ¥

|yl

By Theorem 4/, ¥, C ..

9. Discrete measures

When A is discrete and ¥ = LP(A) it is possible to obtain an explicit
representation for L(z). The formulas obtained are intimately related to
classical results on the cardinal series in interpolatory function theory [15]. These
formulas enable us to give an example which shows that for p = 1 the alternative
dim (#/%)=1 in Theorem 4 can occur and to give other examples with
L(z)<obut L™(z)= + o,

Let A be supported on the discrete set {x.} and let m, = A{x,} > ». Assume
# = L°(A) and that L(z)<== for all z. Then for each h there is a unique
function k.(z)€ # with k,(x,)=0 for n# m and k,(x.)=(m.) " (a = 1/p).
The set {k.} form a basis for # = L”(A) with | k,

» = 1. For any finite sum
9.1) f(z) =X aka(2),

we have
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©2) Ifle=2la. P <.

Thus if {a.} is any sequence satisfying (9.2) the inequality |f(z)| = L(z)||f|, and
the fact that L(z) is continuous show that the series (9.1) is locally uniformly
convergent. Hence (9.1) and (9.2) establish a linear isometry between & and the
space little [”. By the duality of the spaces [” and [? (p™' + q 7' = 1) it follows that
the norm L(z) of the linear functional f— f(z) is given by

_ [Ea k() if p>1
(9.3) L(Z)_{ sup. [k.(z)], if p=1. }

Setting
h(z)=(z = xo)ko(2)

we observe h(x.)=0 for each n. From the two facts that L(z)<« and
# = L*(A) it easily follows that each of the points x, is a simple zero of h(z).
Thus (¢ —x,)'h({) € ¥ and we find.

k.(z)=[mih'(x.)(z — x.)] 'h(2), a=1/p.

By (9.1) we conclude that each f €  has the absolutely convergent expansion

_ f(xx)
f(z)=h(z) 2 {(mn)ah’(x,,)(z - xn)}

and that

_ 1 _
(9.4) L(z)-—smip m,,h’(x,,)lz—x,.llh(z)l for p=1,
and
9.5) Li(z)=2 |mih'(x.)(z — x.)| “|h(z)]" for p>1.

Thus L(z) is finite and continuous iff L (i) <% and we have the

CRITERION. L(z) < for all z iff

(9.6) 2": mq <o for p>1,

n

and

1 -
©.7 Sl,l.p|m,.h’(xn)(i—x,.)f<w for p=1.
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The construction leading to (9.6) and (9.7) is also easily reversible. Starting
with a nonzero entire function h(z) that has a simple zero at each of the real
points {x,} we let A be a discrete measure concentrated on the set {x.} with
m, = A{x,} >0 for each n. Setting ¥ equal to the linear manifold of linear
combinations of the functions

ha(8) = ({ = %) "R (),

we observe # is dense in L?(A). The identity

(£ = 2) (D (2) = hn (OB (2)} = ha(2) (2 = %) '[M () — B (£)]

shows that # satisfies H,. The equations (9.4) and (9.5) follow as before and the
criterion enables one to determine if L(z)= + o or if L(z) <.

ExampLes. Let h(x)= 77" sin(wx). Then x, =n and h'(n)=(-1)" Fix a
real A and set m, =|i —n|*. Then the criterion reduces in this case to:

L(z)<woforall p>1iff A> -1
L(z)<oforp=1iff A2 1.

In this case the measure A is also discrete with A*(n)=m, =|i — n|*™". We see
that for p > 1 a necessary and sufficient condition that L(z) <o but L*(z)=x
for z& {x.} is that A satisfy —1<A=p-1.

This example can also be easily modified to show that the alternative
dim (.‘7{/??) =1 in Theorem 4 can occur when p = 1. To see this start with the
above example with m, =|i—n|" and p = 1. Then L(z) < » is continuous. We
now observe that if A,(dx) is any finite measure for which [ L(x)A,(dx) = 1 then
the two measures A(dx) and A(dx)= A(dx)+ A,(dx) determine equivalent L'
norms on the space ¥ for which L(z)=sup {h(z):h € ¥ and [|h(x)|A(dx) <
1} satisfies 1/2 L(z)= L(z)= L(z). A glance at (9.4) now shows that L(z)=
7~ |sin(wz)| and hence sin(mz)E H where % =K consists of all entire
functions h € L'(A) for which h(z)L}(z) is bounded. If A, is not concentrated
on the integers we see dim (/%)= 1 since sin(mz)& ¥, and by Theorem 4,
dim (% /%)= 1.

CoMMENT. When p =2 and L(z) < de Branges’ work ([3, p. 55]) shows the
existence of a discrete measure v(dx) for which
JIh(x)A(dx)=[|h(x)’v(dx)foreach h € ¥

and for which % = L*(v). Thus 9 and L(z) can always be described within the
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present context. This possibility does not exist when p# 2 because the L*(A)
norms || h ||, for h € % usually determine A.

For an example we take the simple case with # consisting of all linear
polynomials and A(dx) a finite measure with compact support. If p is not an
integer and h =1+ ax then for sufficiently small real «

Ilhllp=2 (f)f X' A(dx)a’,

This shows A is determined by the norms | & ||, since these norms determine the
moments [ x'A(dx) and A has compact support. When p is an odd integer the
above argument fails but the conclusion holds for other reasons. When p =2n is
an even integer the norms ||k ||, do not, in general, determine A.

10. Spaces of analytic functions on R**

In Proposition 4.4 we observed the possibility that (8 — ¢)™'% C % can hold
for each 8§ € R* but for no 8 € R*". This situation corresponds to a special case
of the invariant subspace theory as described e.g. in Helson’s book [5] or
Srinivasan and Wang’s article [14]. Here we will briefly discuss this correspon-
dence starting from a slightly more general setting than that used in our earlier
sections.

The following assumptions will be made throughout this section. # is a space
of analytic functions h(z) defined on R*" that have boundary values h(x) in the
sense that

(10.1a) liIr(l) h(x +iy)=h(x)exista.e.[A],
and
(10.1b) h(x)e L?(A)foreach h € .

The condition A(Z N R')=0 will be replaced with
(10.2) Iff [h(x)[PA(dx) = 0foreach h € ¥, then A(B) = 0.
B

We also assume that condition H. holds for each z € R** and that
(10.3) (B—¢)"'% C % foreach B € R

Defining L(z) for z € R*" as before we can easily modify the proofs in
Sections 3 and 4 to give
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LemMa 10.1. Foreacht =0, e™# C 5. If ## L*(A) then L(z) is continuous
on R* and log L(z) is locally integrable on R**.

Let A(dx)=A.(dx)+ A.(x)dx be the Lebesgue decomposition of A into a
singular part A, and an absolutely continuous part A,(x)dx. The role of the
singular part may be understood in terms of the next three lemmas.

Lemma 10.2. If ## L7 (A) then A, ({)>0 a.e. [d{].

Proor. If ## L"(A) it follows from (10.2) that there exists an h € ¥ and a
2 € H* so that the measure p(d?) = h(£)2({)A(dL)is not zero. But for t = 0 we
have e™h € ¥ and thus 0 = [ e*“u (d{) for t = 0. By the F. and M. Riesz theorem
p has the form w(d{) = f({)d{ where |[f(Z)|>0 a.e. [d{]. Thus A,({)>0 a.e.
[dZ].

Lemma 10.3. If ## L°(A) and .= N{e“%:t =0} then

H.={feLr@):(fl = J1f(OP A}
Thus #. is naturally identified with L*(A,).

Proor. For each real ¢, e™“¥.C #.C #. Thus if 2 € #* is nonzero and
ke#. we see 0=[e"k({)2({)A(d{). By Fourier uniqueness,
k({)2()A(d{)=0. But by the proof of Lemma 1002, | 2(£)]A(d¢) = d{. Hence
k({)=0 a.e. [d{] and k € L?(A,) which shows #.C L?(A,).

On the other hand if k € L*(A,)and 2 € ¥ then 0 = [ k(x)2(x)A(dx). Thus
{L"(A,)+ )} = %". By the Hahn-Banach theorem L?(A,)C % and L°(A,) =
N{e“d:1>0}= ..

If ## L"(A) then L(z) is continuous on R*" and we know that corresponding
to each h(x)€E # there is a unique analytic function f(z) defined on R*'
satisfying h(z) = A(z) for h € % and

(10.4) |h(z)| =]k ,L(z).

Lemma 104, If k € %.= L*(A,) then k(z)=0 for z € R*.

Proor. Choose h € ¥ and 2 € ¥* so that f(z — )"'h()2(L)A(d?) is not
identically zero on R*". By condition H.,,
(10.5)  h(z)J(z = {)'k(D2(DHA(AL) = k(2) [ (z = £)"h(£)2(L)AdL).

But k({)=0 a.e. [d{] and 2 ({)A(d?) is absolutely continuous. The left side of
(10.5) thus vanishes identically and k(z)=0 for z € R*.
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An interesting consequence of Lemma 10.4 is that if J# L"(A) then
(10.6) L(z)=sup{lh(z)|:h €% and [|h(D)I"A.({)dl =1}

We now describe the absolutely continuous case when A, =0. Assuming
J# L°(A) then starting with a nonzero h € ¥ we may proceed exactly as in
Section 7 and form a convergent Blaschke product B(z) containing the zeros of
h. Setting h.(z) = h(z)B~'(z) we can show that h. € 9 and that for each k € ¥,
k(z)hz'(z)=k(z)B(z)h '(z) is of bounded type on R?*. The map
k(z)— hZ'(z)k(z)is an isometry of ¥ onto the space #,=h.'(z)%# C L"(A)),
where A(x) = hZ(x)A(x). ¥, satisfies all the assumptions made on # and in
particular, e™“%, C %, and %, # L (A,). By a theorem of Akhiezer [1] it follows
that logAi(x)(1+x?)" is Lebesgue summable. It follows that A,(x) can be
written in the form A,(x)=]O(x)[" where O(z) is an outer function in the
Hardy space H” of analytic functions on R**. The map k(z)— O(z)h.'(z)k(z)
is an isometry of # C L”(A) into a subspace #.= O(z)h.'(z)¥# of L"(dx).
Moreover ¥, # L”(dx) and e™3,C 3. for t = 0. It follows easily from the work
of Srinivasan and Wang [14] that %> = O(x)h.'(x)¥ has the form 9, = j,(x)H",
where |j(x)| =1 a.e. [dx]. Finally since 5, only contains analytic functions of
bounded type on R*" we see j,(x) must have the form j, = j,j5' where j, and j,
are both inner functions and j, is zero free on R?*. Thus % =
O '(2)h(2)j2)jx(z) ' H".

In the general picture the sole significance of the factor k(z)=
O '(2)h(2)jAz)j:(z) " is that it is an analytic function on R*" that has nonzero
boundary values k(x) a.e. [dx] and | k(x)|”" = A(x). Thus the gerieral closed
subspace # C L*(A) which satisfies our assumptions is described by the analytic
function k(z) with [k(x)|* = A(x) and % = kH".
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